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Autonomous Hamiltonian systems

Consider an N degree of freedom autonomous
Hamiltonian system having a Hamiltonian function of the

form: .
positions momenta

r_Aﬁ r—%
H(q;5955 - -sqns P15P2s+ - -5Px)

The time evolution of an orbit (trajectory) with initial
condition

P(0)=(q,(0), q,(0),.--,qx(0), P1(0); P5(0);---;px(0))

is governed by the Hamilton’s equations of motion
dp, _ 6H dq; _©JH

2

at  oq, ~ dt o,
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Poincare Surface of Section (PSS)

We can constrain the
studvy of am N+1
degree of freedom
Hamiltonian system
to a 2N-dimensional
subspace of the
general phase space.

v |

= A
-

s
X sl l:__._,..-:n-]

Lisherman & Lichtenhers 1003 Regwlar and Chastic Thnamics. Springsr.

In general we can assume a PSS of the form g, ,=constant. Then only
variables q;,qs....sQxnsPysPsse--:Py ar'e needed to describe the evolution
of an orbit on the PSS, since p,.; can be found from the Hamiltonian.

In this sense an N+1 degree of freedom Hamiltonian
system corresponds to a 2N-dimensional symplectic map.
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Variational Equations

We use the motation X = (qy,qy----GxsP1-Pss----Py)"- The
deviation vector from a given orbit is denoted by

v = (dx,, dx,,..., dx )T, with n=2N

The time evolution of v is given by

E =_J-P-v
dt

where

I

N

Bensttin & (Galesni 1070, in Lavel and Grassillon (=de). op cit 03

H. Skokos Ecole Thématique CNRS 5
Bad Hogfgastein - 26 March 2007

the so-called variational equations:

0. -L %
J={ o ’*J,Pf ":H_ ij=1,2.



Example (Hénon-Heiles system)

1' 2 3) 1 s, 2 I
H:E(px+p},) 2(1 +y*)+x’ 255 g

Hamilton’s equations of motion: Y= P,

Y=D;
dp, Bdeqi=aH 5 )

dt &q, dt op, p, =-X-2Xy
P, =-y-X"+y’

In order to get the variational equations we linearize the above equations by
substituting x, v, px, py with x+v,, vt+v,, p.tv,, p,+v, where v=(v,,v,,v;,v) is

the deviation vector. So we get:
Pt -X-V, - 2(X+V, ) (y+V,) =

PV, = v -2 -2xv, 2yv, -2y, =
V3 ==V, = 2yV, - 2XV,
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Example (Hénon-Heiles system)

VarmtmnW —=-J.P-v \

(v} (0 0 -l o“f’1+2y 75 S
Vod ~ogldy 050, X Hodx . abg0y- 0~ (ilgey
R ! O (M | M 1)
(¥4 O o Di D5 0 0 0 IJ\V-LJ
v, = ¥, X—p,
gy \ _I_ Y =Py
vV, = -V, -2xv,-2yv, P, =-X-2xy
vV, = -v,=2xv, +2yv, p,=-y-x'+y’
Complete set of equations
H. Skokos Ecole Thématique CNRS
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Symplectic Maps

Consider an n-dimensional symplectic map 1. In this case
we have discrete time.

The evolution of an orbit with initial condition

P(0)=(x,(0), x,(0),...,x,(0))
is governed by the equations of map 1

P(i+1)=T P(i) , i=0,1,2,...

The evolution of an initial deviation vector

¥(0) = (dx,(0), dx,(0),..., dx,(0))
is given by the corresponding tangent map

L] 5’]:‘ [ ] L]
vi+1l)=— -v(1) ,i=0,1,2, ..
oP |
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Example — 2D map

Equations of the map:
X X, o= Xy kR
; =T{ N At (mod 2)
L X, X, X, = X,-vsin(x; t+Xx,)

Tangent map:

vit+1)= _P V(1)

Sopre oo

1 1 dx,
-veos(x, +X,) 1-veos(x; +x,) )\ dx,
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Chaos detection methods

* Analysis of the orbit under study
v" Frequency Analysis
v Low frequency power (LFP)
v' 0-1 test
v" Patterns method

* Study of the evolution of deviation vectors
v Lyapunov exponents
v' SALT - GALI,
v" Fast Lyapunov Indicator (FLI) and its variants
v Mean exponential growth of nearby orbits (MEGNO)
v" Relative Lvapunov Indicator (RLI)

v Dynamical Spectra

H. Skokos Ecole Thématique CNRS
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Lyapunov Exponents

Roughly speaking, the Lyapunov exponents of a given
orbit characterize the mean exponential rate of divergence
of trajectories surrounding it.

Consider an orbit in an M-dimensional phase space with
initial condition x(0) and an initial deviation vector from
it v(0). Then the mean exponential rate of divergence is:

Hv(t)\l
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Lyapunov Exponents

There exists an M-
dimensional basis {&} of v
such that for any v, ¢ takes
one of the M (possibly
nondistinct) values

" pa !'i'.' i

i s SR
c;(x(0)) = o(x(0), &) .
which are the Lyvapunov '
exponents.

Benattin & (Geleani. 1970, in Lawsl and Greesillon (sds ). op cit €3

In autonomous Hamiltonian systems the M exponents are ordered in
pairs of opposite sign numbers and two of them are 0.
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Computation of the Maximal

Lyapunov Exponent

Due to the exponential growth of v(t) (and of d(t)=||v()||)
we renormalize v(t) from time to time.

Mearby trajectory

Trapectory

Figure 5.6. Numernical calculation of the maximal Liapunov characteristic expo-
nent. Here y = x 4+ v and = is a finite interval of time {(after Benettin er al., 1976).

Then the Maximal Lyapunov exponent is computed as
1
6, =lim—> Ind,
n—x N7 i1
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Maximal Lyapunov Exponent

L § et TP Stochastic
il R
i ',_5__ =
102 = :1::7?'1\
ﬁ1=0 _} REgUIﬂr mﬂtiﬂﬂ ) 1 H‘f“f:j%il': Cirderad
6,#0 - Chaotic motion o W
T 0 Lo

AT

Figure 5.7, Behavior of o , al the intermediate energy £ = 0125 for initial points
taken in the ordered {curves 1-3) or stochastic {ourves 4-6) regions (after Benettin
ef al, 1976),

Benettin et al. (1980) proposed an algorithm for the
computation of all Lyapunov exponents.
Over the years several methods for the computation of few
Lyapunov exponents have been developed (e.g. Greene &
Kim 1987, Bridges & Reich 2001).
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Frequency Analysis

We compute the fundamental frequencies of an orbit using the NAFF
(Numerical Analysis of the Fundamental Frequency) algorithm (Laskar

1988). s

1 1 | 1 1
fly =
Frequency Maps s
I
. o i o
Regular motion : The computed = '

Ll ] ] iy 4 _. T y 2 ST £ -:" .--‘:'*
frequencies do not vary in time LN e, o™ e
Chaotic motion : The computed | ’

¥ - ® P B o -:'I L i
frequencies vary in time e

Papaphilippou Y and Lazkar J 1908 Agtron. Astrophy= 328 48]
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Frequency Analysis

Stability of Trojan asteroids, (a, e)
diagram (Robutel & Gabern 2006)

Dynamics of ESRF storage ring

[ p . — o ’ el e T Sl PR | RO
03 -

-1 -

1 -

4

i e—————— e i i)
048 14 {10} A1 1.2 HF {24

o v ) F = - B logi ) I 5 |

5 3 2 T8 & 3 K:| ]
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The
Smaller ALignment Index

(SALI)
method

H. Skokos Ecole Thématique CNRS
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Definition of Smaller
Alignment Index (SALI)

Consider the n-dimensional phase space of a conservative dvnamical
system (symplectic map or Hamiltonian flow).

An orbit in that space with initial condition :
P(0)=(x,(0), x,(0).....x,(0))

and a deviation vector
v(0)=(dx,(0), dx,(0)...., dx,(0))

The evolution in time (in maps the time is discrete and is equal to the
number N of the iterations) of a deviation vector is defined by:

*the variational equations (for Hamiltonian flows) and
*the equations of the tangent map (for mappings)

H. Skokos Ecole Thématique CNRS 18
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Definition of SALI

We follow the evolution in time of two different initial
deviation vectors (v,(0), v,(0)), and define SALI (Skokos,
2001, J. Phys. A) as:

SALI(t) = min {

v, (O + 9, (1),

v, (-, 0|}

where ®
: Vv
vy ()= -
v, (0)]
When the two vectors become collinear
SALI(t) — 0
H. Skokos Ecole Thématique CNRS 19
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Behavior of SALI for chaotic motion

For chaotic orbits the two initially

different deviation vectors tend to v2(9)
coincide with the direction defined
by the maximal Lyapunov exponent. .-~

v, (1)

v, (D)

Trajectory

H. Skokos Ecole Thématique CNRS 20
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Behavior of SALI for chaotic motion

The evolution of a deviation vector can be approximated by:
= 1 e - 1 1 s
vi()=> c’e™u; e, +cYe™,
i=1

where ¢,>6,>... = 6, are the Lyapunov exponents.

In this approximation, we derive a leading order estimate of the ratio

_ £ )6t 1
1‘1(1.-) o I:_EI':}E'E] “_1 + ':.g_l E‘EI u'.E- - +ﬁ_ n ':-5_ E._EE]_"-"l ]t}:]_
e o Hk 2
[v: ] o] e |
and an analogous expression for v,
Tl(ﬂ Fi EEEJEE]EEII % ':E'}EE;EEII =+, + _EI:;}. E":"::":IJI{I
O] e ¥ -] "‘
S0 we get:
: : : ] | (0 @
; v, (t v, (T vyt v,y(t ¢ ¢ 3
SL—’iLI(t)=llll[l 1() + E() ; 1{) ¢ 1() l £ E.l} e é} E—{ﬂ] &, )
o] @l Inol ol [e?] |
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Behavior of SALI for chaotic motion

We test the validity of the approximation|S ALIcce (¢1-22t[Skokos et al.,
2004, J. Phys. A) for a chaotic orbit of the 3D Hamiltonian

3
H= 2%({1? +p;)+q1q, +q5q;
i=1
with ©,=1, ©,=1.4142, ©,=1.7321, H=0.09

10 T ¥ Ty v T —TTT 1 i T T T b]_
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il ."-H'-\-_ ll".\,_lll |I J Y Glﬁ l]- l}j .'I 1 ':"'
v ¥l _ i B,
:I‘-, 1|:-': | f I. I| .\..'-\__ PR d I.,':;-
5 | \"-L .l-. 1 | l-\..-; L
3 \ c,x0.011] & A\
gir = ¥
— @ 10
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Behavior of SALI for regular motion

Regular motion occurs on a torus and two different initial
deviation vectors become tangent to the torus, generally
having different directions.
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Applications — Hénon-Helles system

For E=1/8 we consider the orbits with initial conditions:
Ordered orbit, x=0, ¥=0.55, p,=0.2417, p. =0

Chaotic orbit, x=0, y=-0.016, p,.=0.49974, p.=0

Chaotic orbit, x=0, v=-0.01344, p5=[h499‘82; p,=0

0.5 T T T T
0 e AT
. -:Vlﬁll A YR
RERL; ",‘F'.
I Il
i fi i
o ] |
: al |
|
i |I |
; = , \
P, 0O} ; L B 5 |
1 o
: k= \
|
-12 I|I|
|l L
|'l|l |i |
1 _16 i i i Lok i
—D.?ﬂ - K 0 1 3 3 4 5
logit)
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Applications — Hénon-Helles system

7 T, L J"'hl
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H. Skokos
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t=1000

t=4000
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Applications — Hénon-Helles system

e ——— a2 L

B log(SALD) <-12

B -12 <log(SALI)<-8
-8 < log(SALI) <-4
-4 < log(SALI)

H. Skokos Ecole Thématique CNRS 26
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Applications — Hénon-Helles system

The percentage of non chaotic orbits (SALI > 10 for t=1000)

Bad Hogfgastein - 26 March 2007
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Applications — 3D Hamiltonian

We consider the 3D Hamiltonian
=% (pl+pl+p))+ % (Ax*+ By’ + Cz%) - exz” - nyz’
with A=0.9, B=0.4, C=0.225, £=0.56, n=0.2, H=0.00765.

Behavior of the SALI for ordered Color plot of the subspace
and chaotic orbits y=z=p,=0, p,=0
Lﬁ_”"“"“" NP AWARAA A .
i t_ 1 | W hogisally=-12
- 'L | 12 < egSALL = -8
i : i [ - < huglSALI = -4
II =4 = hnplHAall)
F |
-. - ,; _|
1
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o R ST S
X; = X,-vsin(x, +x,)-p[l-eos(x; +x, +x,+x,)]

] % £ i (mod 2x)
X, = X,-ksin(x;+x,)-p[l-cos(x, +x,+x;+x,)]

-1

Applications — 4D map

(]

il
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Applications — 4D Accelerator map

We consider the 4D symplectic map

[} b

3

L

x,] fcose®, -sino, 0 X,

[ - 1 1
X sine,  cos, 0 0 X, +X, -X,
X, 0 0 cosE, -sine, s

X, ] 0 0 sine,  cosw, | | X, - 2X, X, :

describing the instantaneous sextupole *kicks® experienced by a particle as it
passes through an accelerator (Turchetti & Scandale 1991, Bountis &
Tompaidis 1991, Vrahatis et al. 1996, 1997).

x; and x; are the particle’s deflections from the ideal circular orbit, in the
horizontal and vertical directions respectively.

X, and x; are the associated momenta
;. (3, are related to the accelerator’s tunes q.. q, by
®,=2nq,., ©®,=27q,
Our problem is to estimate the region of stability of the particle’s

motion, the so-called dvnamic aperture of the beam (Bountis &
Skokos, 2006, Nucl. Inst Meth. Phys Res. A).

H. Skokos Ecole Thématique CNRS <0
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4D Accelerator map — ""Global" study

Regions of different values of the SALI on the subspace
X,(0)=x,(0)=0, after 104 iterations (q,=0.61803 q,=0.4132)

08
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-:-:-:L
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log{SALl) a-

]
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4D Accelerator map — ""Global" study

We consider 1,922,833 orbits by varying all x,, x,, x,, X,
within spherical shells of width 0.01 in a hypersphere of
radius 1. (q,=0.61803 q,=0.4152)

% of orbits

Chaotic
SALI<10

H. Skokos Ecole Thématique CNRS e
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x1+33

(mod 2m)

X, - vsin(x, +X,)

For v=0.5 we consider the orbits:

ordered orbit A with initial conditions x,=2, x,=0.
chaotic orbit B with initial conditions X3, x=0.

a]

1 F
L ;

.'I_

aigl
logiSALILY

4 5 : 7 | : ; 1
logh
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Applications — Standard map

Al (I - =
.-. JI | ...‘:.: 5}: _? i
=

s

alk
0.8 =
=)

X = XxX+y

8 mod 1

: }T'I'isill(ZTEK) ( )
2n

K-2 ~

o418

!
Il

0.2

0.0 o TR ML -
0.0 oz 4 fu -] DB 14

Dependence of the percentage
of regular motion on K Sif

(Dvorak et al. 2003).

For every K (dKk=0.001) we : -
use a 1000 X 1000 grid of
initial conditions. N=500. \ |
Chaotic orbits: SALI<10-10 . i T : ”
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Applications — Standard map
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Applications — Standard map

For K=194.793 we have only 0.0004% regular orbits.

1

0.9995 |-

0.999 -

09985 |-

o.908 | : : ' | !
0.25 0.2505 0.251 0.2515 0.252 0.2525 0.253
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Behavior of SALI

2D maps
SALI—0 both for regular and chaotic orbits

following, however, completely different time rates which
allows us to distinguish between the two cases.

Hamiltonian flows and multidimensional maps
SALI—0 for chaotic orbits

SALI—constant £ 0 for recular orbits

H. Skokos Ecole Thématique CNRS o
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Questions
Can we generalize SALI so that the new index:
* Can rapidly reveal the nature of chaotic orbits with

6;X 6, (SALIcce {152 ?

* Depends on several Lyapunov exponents for chaotic
orbits?

* Exhibits power-law decay for regular orbits depending
on the dimensionality of the tangent space of the
reference orbit as for 2D maps?

H. Skokos Ecole Thématique CNRS wB
Bad Hogfgastein - 26 March 2007



The
Generalized ALignment Indices

(GALIs)
method
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Definition of Generalized
Alignment Index (GALI)

SALI effectively measures the ‘area’ of the parallelugram
formed by the two deviation vectors. "

o " o
s e '
" P T
Vv, .
o - e
e, e i
_ e e

ro  V,(f)

1= Vo[- [[¥ + o5
2
max -5, 5+

Area=||{? AV ||= H1
1 2

/v, (0) _SALI-

i Area o«c SALI

Trajectory
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Definition of GALI

Generalizing this idea to an N degree of freedom
Hamiltonian system (Skokos et al., 2006, submitted), we
follow the evolution of

k deviation vectors with 2<k<2N,
and
define the Generalized Alignment Index (GALI) of order k :

GALL () =||V,() A V,() A A V(D)

Clearly:
GALIL, (t) «« SALI(t)

H. Skokos Ecole Thématique CNRS 41
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Computation of wedge product

We consider as a basis of the 2N-dimensional tangent space of the
Hamiltonian flow the usual set of orthonormal vectors:

Ié1 = (1&05 O:r"':l 0)1 é: = (011&01"-3 0)5 atyn é:}.‘ = (0& 0101-"&1)

Then for k deviation vectors we have:

Vi T e 45 € |
Vv, kMg IV - s S Wi €,
_i’k 0 A e W g O T
S £ b
2 : a oo Yoot Mol o
VAV, A--AV, = > € B N EA
18i; <, <---<iy £ IN
B Yol o Yo
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Computation of wedge product

We define as ‘norm’ of the wedge product the quantity :

: 512
Vi i Vi iy Vi iy
2 S V:il V:i! SR et iy
VoV, K| = 3 : __ il
18d; =i, <---<i, 22N
Vi i Vi - Vi iy
. -
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Computation of GALI - Example

Let us compute GALI, in the case of 2D Hamiltonian system (4-
dimensional phase space).

— A = i —_ él
Vi VeV ¥ Ny -
> e,
¥y [Z| Va1 ¥ay . Moy ™ "Nagi et .
e
-n:" r T T T 3
A B R SRS e T S £V ]
€y
Columns 1 2 3, 1 2 4
1"’?11 "?1: v]S "?11 Vr_- "?11
GALL, = |V, AV, AV, |[=3Vay Vo V| + [V Vi Vy| +
AR - M ay - Vo Yo~ Y gy
- + 7y 12
¥y =" Ny ¥y ¥ il gt Wy

Ve W ERy iy By ey s

- - -

May - Vg oMy Vs Vi Vg
1 3 4 2 3 4
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Behavior of GALI, for chaotic motion

GALI_ (2=k<2N) tends exponentially to zero with
exponents that involve the values of the first k largest
Lyapunov exponents ¢6,, 6,, ..., 6, (Skokos et al., 2006,
submitted) :

GALII{ (t) oC E'[(ﬁl‘“: )+ (61 -6 )+ ...+ (0; -6, )]t

The above relation i1s valid even if some Lyapunov
exponents are equal, or very close to each other.
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Behavior of GALI, for chaotic motion
Using the approximation:

v.(H)= Zc e” u =cle™'n, +ciefu, + - +c ™, [[v,()] x|}

where EI-E' G,=... = ¢ are the Lvapunov exponents, and ll PliZeaa, 2N
the mrrespﬂndmg EIgE[IﬂII‘EEtIEI]S, we get

[ 1 1 1 A
51 ci E":‘U] =y :H'. Ei E-Eﬂl—ﬂs :.'_ Ol E:i.; E-[:I:I'l - Tam :]'E /
: < 5 < B
".r - _i
o 2 & o2 .[ u; |
e —EE{q]_al}L —fe{al'”-*:'t %E{ﬂl'ﬂlﬁ'}t . ﬁ; ;r
e‘ [N
= | <
Bsipd 207 o k - L
g EI E-(n:rl -gg It cﬂ E—[i:r] o3 L, ¢ ™ E—(n:rl -O M Ir
ke k k k
<] <] <] |
'I ey L] i
with §. = sign(c,).
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Behavior of GALI, for chaotic motion

From all determinants appearing in the definition of GALI, the one
that decreases the slowest is the one containing the first k columns of

the previous matrix:

1

1 1
Ek E__[[rl_ “1 :'t S E C:-_l
1 1 1
< ] 5]
2 2 p,
; v Cq Cy
Cy E_'[ﬂ:l o Jt s, 2 3
2 o 2 2
|'31 | = 2 HE
k k
Cy L I 5 €, Ca
k . k k
& x| fer]

: E-[{ﬂ':-ﬂ'l}+{u'1-ﬂ'l-_.‘}+---+-[{I'1-II'1 )t

GALI (t) oC E‘[(El 6, )+(0; -0 ) +...+(0; -6, ]]t
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Behavior of GALI, for chaotic motion
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Behavior of GALI, for chaotic motion

3D system:
3
().
H, =2 < (@ +p)+a,q; +qa;
i=1

with ©,=1, ®,=./2, ©;=+/3 , H;=0.09.

Lyapunov exponents
log(GALls)
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Behavior of GALI, for chaotic motion

15D Fermi-Pasta-Ulam (FPU) system:

with H,:=26.68777 and =1.04.

Lyapunov exponents

H. Skokos
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Behavior of GALI, for chaotic motion

15D Hamiltonian — close to an unstable periodic orbit
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Behavior of GALI, for regular motion

GALI_ remains essentially constant when 2<k=N, while it
tends to zero for N<k<2N following a power law, which
depends on the number m (msSN and m=<k) of deviation
vectors that are initially tangent to the torus on which the
motion lies:

;
constant if 2<k=N
GALI, (t)cc t:[k_lﬂ_m if N<kKk<2Nand0=m <Kk-N
L_ if N<k=2Nandm=K-N
._tk_}
\
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Behavior of GALI, for regular motion

Regular orbits of an N degree of freedom Hamiltonian
system lie on N-dimensional tori.

Performing a local transformation to action-angle
variables we get for the Hamilton’s equations of motion:

J=0 | 1.m=3,

_ F=> i ol SR
Hi:mi(quJ:!---!.Jh;)J H (t) B +u (']-]_I]'l‘]-"[b! J\.—D)rt

where J.,, 0., 1=1,2,...,N are the initial conditions.
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Behavior of GALI, for regular motion

The variational equations give:

gl g ) _HO=5O

=3 opg | mO=nO+3 ] 0550 ¢

where ©,=0»,/0J|;,, F1,2,....N are constants.

i = Feen N

Using as a basis of the 2N-dimensional tangent space of the flow the 2N
unit vectors {u,,u,,....u,} such that the first N of them, u,.u,...., 1,

correspond to the N action variables and the N remaining ones,

U, .U, ,...l,. t0 the comjugate angle variables, we write any wunit
deviation vector as:

vi()=

N

ii (0)u Z 11,(0)"'2{:1 E(0)t |uy.,

=1 =1

with ||v,(t)] =t
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Behavior of GALI, for regular motion

For k deviation vectors we have:

v, |
Vil koA
: | k :
C Ty ®|
1'|..._| m=1
1 1 1 1 1 :d 1 —|
20y . S W) m(ﬂ)+2m1mém(ﬂ)t - M(0)+) 0,8, 0)t |
m;l m;l Il _“1 _
18O .. &0 2O+ 0, 0t - 0+ 0 Z .0t | u, |
m=1 m=1 I 3
=
il N :r _li’."""q_
50 . O O+ 0 0t - RO+ 0L 50t j
m=1] m=1
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Behavior of GALI, for regular motion

For 2<k<N the slowest decreasing determinants are the ones whose k

columns are chosen among the last N columns of the evolution matrix

|
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Behavior of GALI, for regular motion

For N<k<2N the slowest decreasing determinants are the ones

containing the last N columns of the evolution matrix

N N
G0 . & (0 MO+T oS0t - R0+ oy, 0t
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g i . . 2 3 A 3
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Behavior of GALI, for regular motion

2D Hamiltonian constant if 2<k<N
(Hénon-Heiles system) catn o« o # N<k<2Nand0<m <k-N
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Behavior of GALI, for regular motion

3D Hamiltonian
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Behavior of GALI,

Chaotic motion:

SALI—0 exponential decay
-[(Gl -G, )+(0;-64 )+...7 (0 '“k)] t
GALI, (t) e

Regular motion:
SALI—constant # 0 or SALI—0 power law decay

constant if 2<k=N

GALI ()oc{——— if N<k<2Nand0<m<Kk-N

if N<k<2Nandm:=Kk-N
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Global dynamics

* GALI, (practically equivalent to the use of SALI)
3D Hamiltonian

+ GALI,
Chaotic motion: GALI—~0 Subspace q,=p;=0, p,=0 for =1000.
(exponential decay) 04
Regular motion:
GALI—constant£0
0.3 -
- - Chaotic orbit —— 02—
4 |- '\V"L Regular orbit &
b | |
3 A0 |- .
A2 - - :
s 00 = y
-4 | I‘lrll i 4 I
W, S %
0 200 400 600 800 1000 log(GALL) [ .
" & ] 4
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Global dynamics

GALI,_ with k=N

The index tends to zero both for
regular and chaotic orbits but with
completely different time rates:

Chaotic motion: exponential decay
Regular motion: power law

T y T ’ T T Y
Chaotic orbit —— 1
Regular orbit —— -

log{GALI)

1 i 1
a 100 200 300 40 S0

H. Skokos
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2D Hamiltonian (Hénon-Heiles)
Time needed for GALI<101*

L, .
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